Resonance-like enhancements of generalized three-photon cross sections for extreme ultraviolet ionization of Ar, Kr, and Xe are demonstrated and analyzed within a single-active-electron, central-potential model. The resonant-like behavior is shown to originate from the potential barriers experienced by intermediate-and final-state photoelectron wave packets corresponding to absorption of one, two, or three photons. The resonance-like profiles in the generalized three-photon-ionization cross sections are shown to be similar to those found in the generalized two-photon-ionization cross sections [Phys. Rev. A 82, 053414 (2010)]. The complexity of Cooper minima in multiphoton-ionization processes is also discussed. Owing to the similar resonance-like profiles found in both two-and three-photon generalized cross sections, we expect such potential-barrier effects to be general features of multiphoton-ionization processes in most atoms with occupied p and d subshells.
I. INTRODUCTION
Free-electron lasers (FELs) based on self-amplified spontaneous emission (SASE) by relativistic electrons in magnetic undulators have enabled the experimental realization of intense, polarized, short pulses of tunable radiation extending from the extreme ultraviolet (EUV) to the hard x-ray regime (for recent reviews, see Refs. [1] [2] [3] ). The free-electron laser in Hamburg (FLASH) [4] [5] [6] [7] was soon followed by the SPring-8 Compact SASE Source (SCSS) in Japan [8] , and the Linear Coherent Light Source (LCLS) at SLAC [9, 10] . Moreover, other FEL user facilities are being developed elsewhere (see, e.g., Refs. [11] [12] [13] ). The high intensity of these novel FEL pulses has opened the way for experimental investigations of nonlinear phenomena in the EUV and x-ray regimes such as multiphoton ionization [14, 15] , two-photon absorption [16] , photon-photon elastic scattering [17] , and second-harmonic generation [18] .
The advent of experimental nonlinear EUV and x-ray phenomena provides strong motivation for theory to obtain both qualitative and quantitative understanding of the new phenomena. A rather complete understanding exists for the linear process of atomic photoionization (see, e.g., the detailed analyses in Refs. [19] [20] [21] ), but it remains to be determined to what extent that understanding applies to nonlinear processes such as multiphoton ionization. For atoms larger than He, a number of theoretical treatments of few-photon ionization processes including electron correlation effects have been carried out [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , primarily for valence-shell electrons and for photon energies in the UV regime. However, in the EUV and x-ray regimes, multiphoton ionization of innershell electrons becomes possible and the number of allowed ionization channels becomes so large as to make ab initio treatment of all electron correlation effects difficult. For this reason, qualitative understanding of key features of multiphoton ionization in the EUV and x-ray regimes may prove useful for interpreting forthcoming experimental data on multiphoton-ionization processes.
A main feature in many atomic photoionization spectra is a resonance-like peak that occurs when an ionized electron absorbs sufficient energy from a photon to overcome an effective potential barrier (originating from a combination of the Coulomb potential due to the nucleus and all other atomic electrons and the centrifugal barrier due to the ionized electron's orbital angular momentum) [19, 21] . These resonance-like peaks in atomic photoionization spectra have also been interpreted as originating from a collective (i.e., many-electron) oscillation of the atomic electrons [20, 39] in analogy to the well-known giant dipole resonance in nuclear physics. However, since such resonance-like peaks in the photoionization spectra for particular subshells do occur within a single-active-electron model of an atom (which by definition does not include any electron correlations), the qualitative description of the phenomenon as a potential-barrier effect is justified. Accurate treatment of electron correlations is necessary to describe the effects on other subshell spectra (via interchannel interactions) and to provide quantitatively accurate predictions [20, 21] .
Another feature in many atomic photoionization spectra is a cross-section minimum first observed experimentally by Ditchburn et al. [40] in alkali atoms. It was explained by Bates [41] and Seaton [42] as being due to a change in sign of radial dipole matrix elements as a function of photon frequency. Later, Cooper [43] extended the study of such crosssection minima to rare gas atoms and closed-shell ions and formulated rules for their occurrence (see also the discussions in Sec. 4 of Ref. [19] and on pp. 55-58 of Ref. [21] ). Owing to the formulation of these rules, based on results for a central potential model of the atom, the cross-section minimum observed in the photoionization spectrum for some atoms is often called a "Cooper minimum." Further studies of the systematics of zeros in radial dipole matrix elements have provided a general understanding of the occurrence of Cooper minima [44, 45] . Up to now however, Cooper minima have only been studied for single-photon-ionization processes and their role in multiphoton-ionization processes is unexplored.
We present in this paper single-active-electron approximation results for three-photon ionization of Ar, Kr, and Xe atoms that demonstrate the occurrence of both resonance-like potential-barrier effects and Cooper minima. We compare the present three-photon results with our prior two-photon results [46] to show their remarkable similarity when plotted on an appropriate energy scale. Our results provide a broader understanding of these resonance-like phenomena and suggest that potential-barrier effects are general features of multiphoton ionization processes. We also demonstrate the greater complexity of Cooper minimum phenomena in multiphoton-ionization processes. Throughout this paper, we employ atomic units (a.u., = e = m e = 1) unless otherwise indicated.
This paper is organized as follows: In Sec. II we describe briefly the theoretical methods used in our model potential calculations and demonstrate the accuracy of our numerical solutions. In Sec. III we present the frequency dependence of multiphoton-ionization total and partial cross sections from particular subshells of Ar, Kr, and Xe for both three-photon and two-photon cases. Finally, in Sec. IV we summarize our results and present some conclusions.
where H is the n-electron nonrelativistic model Hamiltonian,
where V HS (r j ) is the Herman-Skillman central potential [49] . Solution of the coupled equations (5) sequentially to obtain the states N (for N = 1, 2) then allows one to calculate the transition amplitudes in Eqs. (2) and (3) as
In the single-active-electron approximation, the angular and radial variables of both the eigenstates N and the intermediate states N can be separated. One can thus write the radial parts of the equations (5) as [50] 
where ε N (≡ε 0 + Nω) and l N are the energy and orbital angular momentum of the single active electron, where ε 0 is the energy of its initial state ψ n 0 l 0 . Each of the radial Hamiltonians h l in Eq. (8) for the single active electron is given by
The transition amplitudes in Eq. (7) can be rewritten as summations over products of angular factors and radial integrals:
where L N is the total orbital angular momentum of the atomic system following the absorption of N photons. The radial function of the N th intermediate state, λ ε N l N (r), satisfies different boundary conditions depending on the value of ε N . For ε N < 0, λ ε N l N (r) is a real function and goes to zero when r goes to infinity; for ε N > 0, λ ε N l N (r) is a complex function and satisfies outgoing-wave boundary conditions [33, 50, 51] . Taking into account these boundary conditions, Equation (8) may be solved numerically by using Runge-Kutta methods to obtain λ ε N l N . The evaluation of the radial integrals ⟨ψ ε N ′ l N ′ |r|λ ε N l N ⟩ in Eq. (10) is then straightforward. In the above-threshold-ionization case (i.e., ε N > 0), the free-free dipole matrix elements appearing in Eq. (10) are evaluated by using a complex coordinate rotation method [52] . The angular factors A 2 and A 3 of the electric-dipole transition amplitudes in Eq. (10) are evaluated by using graphical angular-momentum methods (see, e.g., Refs. [53] [54] [55] ); the results are given in the Appendix. We only consider multiphoton ionization of closed-shell atoms for the case of a linearly polarized laser field, which greatly simplifies the expressions for the angular-momentum factors A 2 and A 3 owing to the zero total angular momentum of the initial state.
Schematic diagrams of all one-, two-, and three-photonionization channels allowed by electric-dipole selection rules
Schematic diagram of all one-, two-, and three-photonionization channels allowed by electric-dipole selection rules for ionization from an s subshell of a closed-shell atom. For simplicity, we use here the notation ε N l N ( 1 L N ) as a short designation for the state n 0 l 
Each arrow in Figs. 1-3 represents the absorption of a photon. Notice that those states labeled with ε 2 are the final states of two-photon ionization processes. The partial cross sections of all final states (labeled with ε 2 and ε 3 for two-and threephoton ionization) are summed to get the total cross sections in Eq. (1) . Each final state may have contributions from more than one channel; as indicated in Eq. (10), these contributions are summed coherently.
FIG. 2. Same as Fig. 1 but for ionization from a p subshell of a closed-shell atom. The ionic core configuration n 0 p 5 ( 2 P ) is suppressed for all excited and ionized states. , for Ar (l = 2), Kr (l = 2), and Xe (l = 3). Notice that, for certain ranges of the radial coordinate r, these three potentials form barriers with different barrier heights. Many atoms have effective potential barriers for electrons with l = 2 or 3 (cf. Fig. 17 in Ref. [19] ). But for pure Coulomb potentials, as for the H atom, V l eff (r) never has a barrier. When an intermediate-or final-state of the photoelectron has an orbital angular momentum for which the effective potential has a potential barrier, the energy dependence of the transition amplitude (and hence of the total cross section) may exhibit resonance-like behavior. This is because for intermediate-or final-state photoelectron energies below the potential barrier, the corresponding radial wave functions for these states are located predominantly in the outer potential well. As the energies of these states approach the top of the barrier, however, their radial wave functions move into the inner-well region, resulting in a strong overlap with the initial-state radial wave function of the photoelectron (cf. Fig. 5 on p. 49 of Ref. [21] ). As the energy of the wave packet increases above the top of the barrier, the oscillations of its radial part increase, resulting in cancellations that reduce TABLE I. The binding energies (in a.u.) of different atomic n 0 l 0 subshells calculated by using the Herman-Skillman model potential [49] . The first column gives the target atoms and the first row indicates the n 0 l 0 subshells. the transition amplitude from the initial bound state. In brief, ionization from a bound state located in the inner well becomes maximal when an intermediate-or final-state wave packet migrates from the outer well to the inner well as its energy approaches the vicinity of the barrier height. From the above discussion it is clear that the key energy variable for the active electron (in either an intermediate-state wave packet or in the final state) is its energy relative to the ionization threshold just below an effective potential barrier. Since the active electron, initially in the n 0 l 0 subshell with energy ε n 0 l 0 , may probe the barrier after absorbing N photons, this key energy may be defined as ε N ≡ ε n 0 l 0 + Nω. For convenience in converting the energies ε N (used in presenting our results in Sec. III) to photon energies, we present in Table I the binding energies (≡ − ε n 0 l 0 ) of the various atomic n 0 l 0 subshells considered in Sec. III. Our results for these binding energies agree very well with those in Ref. [49] .
In order to confirm the accuracy of our numerical calculations, we have calculated the generalized three-photon cross sections for ionization of the ground state of atomic hydrogen and compared our results with those of others [56] [57] [58] . Table II shows the comparisons. Agreement up to three significant figures can be seen for a wide range of laser photon energies. The only exceptions are for the three wavelengths 102.5, 102.6, and 121.52 nm, which correspond to photon energies approaching resonance with an intermediate state. For energies in the vicinity of such resonances, the ionization cross sections are extremely sensitive to the photon energy used in the numerical calculations; also in our calculations the energy widths of the resonance states are not included.
III. RESULTS AND DISCUSSION
In this section we present results that demonstrate potentialbarrier effects in the generalized three-photon-ionization cross sections for particular subshells of Ar, Kr, and Xe atoms. These effects are shown to appear whenever the final-or intermediate-state wave packet of the active electron probes the top of a potential barrier. We also compare these features in three-photon-ionization spectra with similar ones in the generalized two-photon-ionization cross sections. Moreover, we demonstrate evidence for Cooper minima in the vicinity of these resonance-like features in the generalized multiphoton cross sections.
The occurrence of resonance-like potential-barrier effects in multiphoton ionization spectra requires that the active electron has both appropriate orbital angular momentum and appropriate energy. Its orbital angular momentum must generally have the values l = 2,3. Also, the atomic system TABLE II. The generalized three-photon-ionization cross section σ (3) (cm 6 s 2 ) of H(1s) for linearly polarized light. λ is the wavelength of the laser field and ω is the photon energy. The integers n in parentheses denote the following: (−n) ≡ 10 −n . must have an effective potential that has a potential barrier for these values of electron orbital angular momentum, e.g., as for the rare-gas atoms whose effective potentials for l = 2,3 are shown in Fig. 4 of the photoelectron after absorbing one photon from its initial subshell. The photon energies we consider here are above the one-photon ionization thresholds for the n 0 l 0 subshells considered. First we consider the two-and three-photon ionization of the 3d and 4d subshells of Xe. Figures 5(a) and 5(b) show the generalized three-photon total cross sections for ionization of the Xe 4d and 3d subshells, respectively, plotted vs the energy ε 1 ≡ ε nd + ω of the radial part of the photoelectron's intermediate-state wave packet, λ ε 1 l 1 (r). 
Top panels: Generalized total cross sections σ (3) (solid lines) for three-photon ionization of (a) the Xe 4d subshell and (b) the Xe 3d subshell; in each panel dashed lines show the partial cross section for the ε 3 h( Fig. 3, both channels 
The shapes of the resonance-like features in these generalized multiphoton-ionization cross sections from np subshells are qualitatively similar to those in Fig. 5 discussed above, but with two differences: First, they all have Rydberg resonances below ε 1 = 0. Second, the broad resonance extends into the below threshold energy region (i.e., ε 1 < 0) owing to the low heights of the l = 2 potential barriers for Kr and Ar (cf. Fig. 4) , so that the resonance-like maximum occurs close to ε 1 = 0. Our calculations show that there is a dominant final-state channel (indicated by the dashed lines) in each case: the ε 3 g( 
Top panels: Generalized total cross sections σ (3) (solid lines) for three-photon ionization of (a) the Kr 3p subshell and (b) the Kr 2p subshell; in each panel dashed lines show the partial cross section for the ε 3 g( 
Top panels: Generalized total cross sections σ (3) (solid lines) for three-photon ionization of (a) the Ar 3p subshell and (b) the Ar 2p subshell; in each panel dashed lines show the partial cross section for the ε 3 g( Comparing the resonance-like features originating from the potential barriers probed by the first intermediate-state photoelectron wave packet in both two-and three-photon ionization, and it is clear that the total multiphoton cross sections for the 2p and 3p subshells of Kr and Ar are more similar to each other than to those for the 3d and 4d subshells of Xe. Clearly the differences stem from the fact that the former originate from the l = 2 potential barriers in Kr and Ar, while the latter originate from the l = 3 potential barrier in the case of Xe. Nevertheless, the qualitative shapes and the energy locations of the resonance-like features appears to be independent of the number of photons and the binding energy of the initial subshell that is ionized; rather, these features all relate to the shapes of the potential barriers shown in Fig. 4 . The l = 3 potential barrier in the case of Xe is broader and higher than are the l = 2 potential barriers in the cases of Kr and Ar, which leads to narrower resonance-like shapes in the generalized multiphoton-ionization cross sections for Xe that are located at higher energies above the threshold for ε 1 .
B. Second intermediate-state potential-barrier effects
We define the second intermediate state in three-photon ionization as the virtual intermediate-state wave packet | 2 ⟩ [cf. Eqs. (4b) and (5b)] of the photoelectron after absorbing two photons from its initial subshell (cf. those states with energy ε 2 in Figs. 1, 2, and 3) . The photon energies we 
FIG. 8. Top panels:
Generalized total cross sections σ (3) (solid lines) for three-photon ionization of (a) the Kr 3s subshell and (b) the Kr 2s subshell; in each panel dashed lines show the partial cross section for the ε 3 f ( consider here are above the two-photon-ionization thresholds for the n 0 l 0 subshells considered. The second state in two-photon ionization is the final state. In both two-and three-photon-ionization processes these second states have the same angular momenta; however, the radial parts of the states in two-and three-photon ionization satisfy different boundary conditions. For two-photon-ionization processes, the final state ψ ε 2 l 2 (r) satisfies the homogeneous Schrödinger equation with incoming-wave boundary conditions. For threephoton-ionization processes, the second intermediate state λ ε 2 l 2 (r) satisfies the inhomogeneous Schrödinger Eq. (5b) with outgoing-wave boundary conditions [33, 50, 51] . Most noticeable is the fact that for two-photon ionization, the generalized cross section only exists for ε 2 0 whereas for three-photon ionization, the generalized cross section extends above and below ε 2 = 0.
In Figs. 8(a) and 8(b) we present the generalized threephoton-ionization cross sections from the Kr 3s and 2s subshells, respectively. There is a remarkable similarity between the shapes of these generalized cross sections and those for three-photon ionization of the Kr 3p and 2p subshells shown respectively in Figs. 6(a) and 6(b) . The reason for these similarities is that each of these ionization processes involves the dipole transition p → d that probes the l = 2 potential barrier in Kr (cf. Fig. 4) . In Fig. 8 the active electron from an initial s subshell probes the l = 2 potential barrier after absorbing two photons; in Fig. 6 the active electron from an initial p subshell probes this barrier after absorbing one photon.
In Figs. 8(c) and 8(d) we present the generalized twophoton-ionization cross sections from the Kr 3s and 2s subshells. The shapes of these cross sections differ from those for the corresponding three-photon-ionization cross sections 
Top panels: Generalized total cross sections σ (3) (solid lines) for three-photon ionization of (a) the Ar 3s subshell and (b) the Ar 2s subshell; in each panel dashed lines show the partial cross section for the ε 3 f ( In Fig. 9 we present the generalized three-and two-photonionization cross sections from the Ar 3s and 2s subshells. The results are qualitatively similar to those from the same subshells of Kr that are shown in Fig. 8 , with the exception of the minima in the cross sections from the Ar 3s subshell. These minima occur at energies above the resonance-like peak that is due to the p → d dipole transition that probes the l = 2 potential barrier in Ar (cf. Fig. 4 ). In the two-photonionization cross section, this minimum originates from a zero in the transition amplitude for the two-photon process 3s → ε 1 p → ε 2 d at about ε 2 = 0.3 a.u., which can be seen in the two-photon partial cross section for the final state Fig. 9(c) . From Fig. 9(a) we see that this minimum in the two-photon amplitude from the Ar 3s subshell also leads to a minimum in the generalized three-photon cross section from that subshell.
For the Xe atom, in order for the active electron to probe the f potential barrier (cf. Fig. 4 ) after it absorbs two photons, it should be ionized from a p subshell. In Fig. 10 , we plot both the three-photon and two-photon generalized cross sections for ionization from the Xe 3p subshell. The shapes of the cross sections look quite similar to those shown in Fig. 10(b) ] identifies the transition ε 1 d → ε 2 f (cf. Fig. 2 ) as the one that produces the resonance-like shapes of the cross sections.
C. Third-(final-) state potential-barrier effects
In this section, we only consider final-state potentialbarrier effects in three-photon-ionization processes. Owing to electric-dipole selection rules, the photoelectron must originate from an initial state having a parity that is opposite to that of the final state. For Kr and Ar, which have a d potential barrier, the initial state of the photoelectron must be a p subshell in order to probe the d potential barrier after absorbing three photons. For Xe, which has an f potential barrier, the initial state of the photoelectron must be either an s subshell or a d subshell in order to probe the f potential barrier after absorbing three photons. We illustrate these potential-barrier effects by examining the three-photon ionization of the 2p and 3p subshells of Kr and Ar and the 3s, 4s, and 4d subshells of Xe.
In Fig. 11 we present the generalized three-photon total cross sections for ionization of the 2p and 3p subshells of Kr. Each cross section has a resonance very near its threshold, due to the low height of the d potential barrier for Kr (cf. Fig. 4) . In both cases the contribution of the ε 3 d( 1 P ) channel is the largest in the resonance region. However, the branching ratios of the ε 3 d( In Fig. 12 we present the generalized three-photon total cross sections for ionization of the 2p and 3p subshells of Ar. As in the case of Kr, each cross section has a resonance very near its threshold, due to the low height of the d potential barrier for Ar (cf. Fig. 4) . However, the three-photon generalized total cross section for ionization from the Ar 3p subshell [ Fig. 12(a) 
Generalized total cross sections σ (3) (solid lines) and partial cross sections (dashed lines) for three-photon ionization from (a) the Kr 3p subshell and (b) the Kr 2p subshell. ε 3 ≡ ε np + 3ω, where ε np is the np-orbital energy.
3p subshell has a small binding energy (0.53 a.u. in our model potential calculation), the first-and second-intermediate-state wave packets of the photoelectron probe the Rydberg-level energy region during three-photon ionization to the continuum. As shown in Fig. 12(b) , Rydberg resonances do not have a significant influence on the three-photon cross section for ionization from the Ar 2p subshell, which is much more deeply bound. The latter cross section, however, exhibits a minimum near ε 3 = 0.2 a.u., due to a zero in the ε 3 d( 1 P ) transition amplitude. [Note that, at a slightly higher energy, the ε 3 d( 1 F ) transition amplitude also has a zero.] As in the case of Kr (cf. Fig. 11 ), the ε 3 d( 1 P ) final-state channel gives the largest contribution to the total cross section.
In Fig. 13 , we present the generalized three-photon total cross sections for ionization from the Xe 4d, 4s, and 3s subshells. Local maxima appear in the total cross sections for ionization from the 4d and 3s subshells at ε 3 = 0.35 a.u., 
FIG. 12. Generalized total cross sections σ (3) (solid lines) and partial cross sections (dashed lines) for three-photon ionization of (a) Ar 3p and (b) Ar 2p. ε 3 ≡ ε np + 3ω, where ε np is the np-orbital energy. 
13. Generalized total cross sections σ (3) (solid lines) and partial cross sections (dashed lines) for three-photon ionization of (a) the Xe 4d subshell, (b) the Xe 4s subshell, and (c) the Xe 3s subshell. ε 3 ≡ ε nl + 3ω, where ε nl is the nl-orbital energy for nl = 4d, 4s, and 3s.
which is the height of the Xe potential barrier (cf. Fig. 4 ). For the case of the 4s subshell, however, a minimum occurs slightly above ε 3 = 0.35 a.u. due to a zero in the dominant ε 3 f ( 1 F ) final-state channel. In all cases shown, the ε 3 f channels are responsible for the resonance-like shapes, as expected.
D. Occurrence of Cooper minima
We have seen in Secs. III B and III C above that Cooper minima do occur in the generalized cross sections for twoand three-photon-ionization processes. However, the empirical rules for their occurrence in the case of one-photon-ionization processes (cf., e.g., Refs. [44, 45] ) do not apply in the case of multiphoton ionization. Thus, for example, Cooper minima never occur in one-photon ionization if the initial radial wave function has no node. However, as shown in Fig. 12(b) there is a Cooper minimum in the case of three-photon ionization of the Ar 2p subshell despite the fact that the 2p radial wave function has no node. Also, in one-photon-ionization, Cooper minima only occur in transition amplitudes involving angular-momentum transitions l → l + 1; they do not occur in those for l → l − 1 transitions. In the two-or three-photonionization processes that are the focus of this paper, however, the change of orbital angular momentum of the photoelectron between its initial and final state can be any number from zero to two or three. Also, whereas in one-photon transitions, electric-dipole selection rules limit the number of channels to at most two, in multiphoton transitions there are typically many channels (cf. Figs. 1-3) , of which more than one may have a transition amplitude that has a zero. For these reasons, the rules for the occurrence of Cooper minima in one-photon-ionization Radial integral ψ processes do not apply to multiphoton-ionization processes. To illustrate these remarks, in what follows we analyze the transition amplitudes for the three-photon generalized cross sections for ionization of the Xe 4s and 4d subshells (cf. Fig. 13 ).
Consider first three-photon ionization from the Xe 4s subshell. As shown in Fig. 1 , multiphoton ionization from an s subshell has fewer channels than from subshells with higher orbital angular momentum. For the Xe 4s subshell, there are two channels to the ε 3 p( 1 P ) final state and only one channel to the ε 3 f ( 1 F ) final state. In Fig. 13(b) , a Cooper minimum occurs at about ε 3 = 0.37 a.u. and ionization to the ε 3 f ( 1 F ) final state dominates the total cross section. In Fig. 14 , we plot the transition amplitude for three-photon ionization from the Xe 4s subshell to the ε 3 f ( 1 F ) final state, which clearly shows a zero at about ε 3 = 0.37 a.u. as does the radial integral for the s → p → d → f transitions leading to it. The transition amplitude and the radial integral are related according to Eq. (10b). In this example, the minimum in the total cross section is exclusively determined by a vanishing radial integral associated with a single channel.
Three-photon ionization from the Xe 4d subshell has two Cooper minima in the total cross section [cf. Fig. 13(a) ]. As shown in Fig. 3 , three-photon ionization from a d subshell may have seventeen channels leading to five different final states. However, as shown in Fig. 13(a) , ionization to the ε 3 f ( 1 P ) final state is dominant, and its transition amplitude indeed vanishes twice, at ε 3 = 0.2 and 0.55 a.u., as shown in Fig. 15. From Fig. 3 , one sees that the ε 3 f ( 1 P ) final state has five channels leading to it; however, these five channels involve (in our single-active-electron model) only three different radial integrals that depend on the sequence of angular-momentum transitions of the photoelectron, as indicated in Fig. 15 . Each of these radial integrals is seen to vanish somewhere near the energy of the Xe f potential-barrier height: 0.35 a.u. Although each radial integral has only one Radial integral ψ 
IV. SUMMARY AND CONCLUSIONS
In conclusion, we investigated three-photon ionization from various subshells of Ar, Kr, and Xe in which the photoelectron wave packet after absorbing one-, two-, or three-photons probes the d potential barriers in Ar and Kr and the f potential barrier in Xe. In those cases in which the photoelectron wave packet probes the potential barrier after absorbing one-or twophotons, we compared the generalized three-photon-ionization cross sections with the corresponding generalized two-photonionization cross sections from the same subshells and found great similarity in the corresponding results. These results indicate that potential-barrier effects are general features of multiphoton-ionization processes for any atoms and ions having an effective potential barrier. The clearest resonancelike features occur in multiphoton ionization of inner-subshell electrons, for which the photon energies are large. For multiphoton ionization of valence-shell electrons, which have small binding energies, the resonance-like features due to potential barriers can be overshadowed by intermediate-state Rydberg resonances.
The empirical rules for the occurrence of Cooper minima in one-photon-ionization processes are found not to apply for multiphoton ionization. In essence, the larger the number of photons, the greater the number of alternative channels to reach a given final state. We have demonstrated that, in cases in which one channel is dominant, one or more zeros in its radial matrix elements can be observed in the total multiphoton cross section. However, formulation of general rules for when such zeros occur would require a systematic set of investigations for a large range of atoms, which is beyond the scope of this paper.
Experimental observation of the potential-barrier effects predicted here in multiphoton-ionization processes will require tunable EUV wavelengths. A recent experiment [38] for single ionization of an electron from the Xe 4d subshell using 93 eV photons found that the electron signal depended quadratically on the EUV pulse energy, indicating thus a two-photon-ionization process. An R-matrix Floquet simulation in the same Ref. [38] provides evidence that the 4d → f giant dipole resonance, well known in single-photon ionization of the Xe 4d subshell, affects the two-photon cross section. Confirmation of this finding will require twophoton-ionization cross sections as a function of photon energy.
Finally, we note that our use of the single-active-electron model to describe multiphoton-ionization cross sections limits the quantitative accuracy of our predictions. Electron correlations will quantitatively change the magnitude and the position of the resonance-like potential-barrier effects on multiphoton cross sections as well as the shape and location of any Cooper minima. Qualitatively, however, the resonance-like potential-barrier effects (including giant dipole resonances) have been shown in this paper to be such prominent features of multiphoton-ionization processes that their observation experimentally is unquestionable. Our results in this paper may thus serve as a qualitative guide for future tunable EUV measurements of multiphoton-ionization cross sections.
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APPENDIX: ANGULAR INTEGRALS
In this Appendix we provide expressions for the angular factors in Eq. (10), denoted by A 2 and A 3 , respectively, for two-and three-photon ionization from a closed-shell atom interacting with a linearly polarized laser field. Consider first three-photon-ionization processes, for which the angular factor A 3 must be calculated for each allowed transition channel, denoted schematically by 
where the arrows denote the absorption of a photon γ , ε N and l N are the energy and orbital angular momentum of the photoelectron, respectively, L and S refer to the ionic term level, L N and S N are the total orbital and spin angular momenta of the ion-photoelectron system, respectively, and q is the number of electrons in the initial subshell. We have suppressed, for simplicity, explicit notation of any magnetic quantum numbers needed to be summed over when calculating angular factors. The ionization channel notation (A1) may be used also for two-photon-ionization processes if we treat the second state ε 2 l 2 (L 2 S 2 ) as the final state. For a closed-shell atom, our evaluation of the angular factors is simplified due to the fact that q = 4l 0 + 2, L 0 = 0, S 0 = 0, therefore, L 1 = 1, S N = 0 according to angular-momentum conservation, and there is only one allowed ionic term level, L = l 0 and S = 1 2
. We have evaluated the angular factors for two-and three-photon ionization following the procedures in Ref. [54] to obtain 
where the [X] ≡ 2X + 1 and the symbols {X} and (X) are respectively the Wigner 6j and 3j symbols. The result for two-photon ionization in Eq. (A2) agrees with those in Refs. [31, 32] . Note that our results for three-photon ionization of atomic hydrogen in its ground state (cf. 
